Abstract. We prove that any set of integers A ⊂ [1, x] 
THE DISTRIBUTION OF SEQUENCES IN RESIDUE CLASSES

CHRISTIAN ELSHOLTZ (Communicated by David E. Rohrlich)
Abstract. We prove that any set of integers A ⊂ [1, x] This improved upon the lower bound of ord p (2) > p δ for all δ < 1 2 , proved by Bundschuh; see [1] . It is also implicit in section 3 of Hooley's work on Artin's conjecture (see [5] ) that for all but O( y (log y) 3 ) primes p ≤ y one has ord p (a) √ p log p . Erdős announced at the end of his paper that the lower bound can be slightly sharpened to
where ε is any real function with lim p→∞ ε(p) = 0. The details of this were provided by Erdős and Ram Murty in [3] . For related results see also Pappalardi [8] .
For a more general situation, they implicitly consider the following. Let a 1 , . . ., a r be mutually coprime positive integers and let p be a prime with (p, a 1 a 2 · · · a r ) = 1. Let A 1 be the semigroup of positive integers multiplicatively generated by the a i and let
where the β i are nonnegative integers. Let f (p, a 1 , . . . , a r ) denote the number of distinct residue classes modulo p which are needed to cover all elements of a ∈ A.
Note that the number of powers of a below x is asymptotically c a log x, and that there are about c a1,... ,ar (log x) r many integers below x which are generated 
where ε is an arbitrary real function with lim p→∞ ε(p) = 0.
Giving a more quantitative version of this statement one might consider the sequence up to r+1 . Let
In typical applications, the counting function A(x), i.e. c 1 and r, might be known. Suppose one wants to make the proportion c 3 of 'bad primes' very small so that one knows for essentially all primes p ≤ y, that ν A (p) is large. Then one can make an admissible choice of c 2 This implies the following corollary. Unfortunately, it appears, if one allows at most o( y log y ) exceptional primes, that is if one requires that c 3 → 0 as x → ∞, then one has to allow that c 2 and c 4 vary accordingly.
Corollary. Let A be an infinite set of positive integers with counting function
Our main tool is Gallagher's larger sieve, which we state for completeness.
Lemma (Gallagher's larger sieve; see [4] 
Suppose that we have C > c 2 but c2c3c4 C−c2 < c 1 . This is, for sufficiently large x, a contradiction to our assumption |A| ≥ c 1 (log x) r .
Remark. Matthews (see [6] ) considered questions related to that of Erdős and Ram Murty in a more general context of algebraic groups and abelian varieties. For the classical case of Artin's conjecture he proved that for almost all primes and for all positive ε one has ν(p) > p 1 2 −ε . (Apparently he was unaware of [1] and [2] .) He mentions further applications to nilpotent groups and to manifolds due to Milnor, Tits, and Wolf.
